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semimajor axis of lunar satellite orbit 
down unit vector at beacon 
down unit vector at station 
east unit vector at beacon 
east unit vector at station 
eccentricity of lunar satellite orbit 
matrix relaiing observations to state 
identity matrix 
inclination of orbit plane of lunar satellite with respect to lunar equator 
weighting matrix 
north unit vector at beacon 
north unit vector at station 
covariance matrix of estimation errors 
covariance matrix of measurement error 
vector from center of moon t o  beacon 
vector from center of earth to centerof moon 
vector from center of earth to  station 
position vector of satellite with respect to center of moon 
inertial, selenocentric coordinate system (The x axis is positive in the direction of the 
mean vernal equinox of 1950.0. The z axis is normal to the mean equator of 
1950.0 and positive in the northern hemisphere. The y axis forms a right-handed 
system with x and z.) 
A longitude 
V 
Pob 
bob 
Pob 
;ob 
gravitational constant of the moon 
range 
range rate 
range vector from station to satellite 
velocity vector of satellite with respect to station 
on-board range 
on-board range rate 
range vector from satellite to beacon 
velocity vector of beacon with respect to satellite 
transition matrix (relates state at time tj to state at time ti) 
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argument of perigee for lunar satellite 
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T transpose of a matrix 
-I  inverse of a matrix 
( -1 
(9 unit vector 
C'T) vector 
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THE USE OF LUNAR BEACONS IN LUNAR ORBIT ESTIMATION 
Thomas M. Carson 
Ames Research Center 
SUMMARY 
Kalman filtering techniques were applied in evaluating the use of lunar beacons in estimating 
the state of a lunar vehicle. Range and/or range-rate measurements were used as the observational 
data. The following questions were considered I 
1. Using range and range-rate observations from the Earth, how accurately can the location of 
a lunar beacon be determined? 
2. Given some set of accuracies for earth-based radars, what relative accuracy would be 
required for on-board observations of lunar beacons to  prove beneficial for state estimation? 
3. How well can subsidiary uncertainties, that is, uncertainties other than those in position 
and velocity, be estimated‘! 
4. Assuming that on-board observations of lunar beacons are beneficial, what would be the 
best locations for the beacons? 
5. Assuming that only the on-board radar observations are available how well can the lunar 
orbit be estimated? 
Results show that the error in the beacon location can be reduced from an initial error of 1.73 
kilometers to approximately 0.2 kilometer, by the use of earth-based observations. The use of 
on-board observations of the lunar beacons can contribute significantly to  lunar orbit estimation 
when used in conjunction with earth-based observations. Locating the beacons to  provide state 
information that was difficult t o  obtain from earth-based measurements proved beneficial. 
On-board observations also proved adequate in estimating the state of a lunar vehicle when they 
were the only data source available. 
INTRODUCTION 
The advent of exploratory lunar missions has generated considerable interest in determining 
how accurately the trajectory of a space vehicle in lunar orbit can be estimated. Because of the lack 
of good angular data from earth-based radars, difficulties can be encountered in lunar orbit 
estimation when only earth-based data are available. One possible way to improve this situation is 
to make on-board radar observations of beacons located on the moon. “Beacons” are defined in this 
report as any type of device capable, in conjunction with electronic apparatus on board the vehicle, 
of generating range and/or range-rate information. The specific form of the device (e.g., simple 
reflector or transponder) is immaterial to this study. It is assumed here that one or more such 
devices would be located on or near the lunar track so as to provide reasonable periods of tracking 
from the orbiting vehicle. These beacons would presumably have been placed on the lunar surface 
in a previous mission (or missions) and their precise locations determined as accurately as possible 
using information from the landing mission and/or direct tracking of the beacons from earth-based 
stations. 
Because errors in the knowledge of the beacon locations are expected to  have a significant 
effect on the utility of the beacons, the first question considered in the report is: 
1. Using range and range-rate observations from the earth, how accurately can the location of 
a lunar beacon be determined? 
To determine the utility of the beacons, the following questions are then considered: 
2. Given some set of accuracies for earth-based radars, what relative accuracy would be 
required for on-board observations of lunar beacons to prove beneficial? 
3. How well can subsidiary uncertainties (Le., uncertainties other than those in position and 
velocity) be estimated? 
4. Assuming that on-board observations of lunar beacons are beneficial, what would be the 
best locations for the beacons? 
5. Assuming that only the on-board radar observations are available, how well can the lunar 
orbit be estimated? 
The Kalman filter theory is used as a basis for evaluating the estimation performance. The 
application of this theory to  the problem of space vehicle trajectory estimation (refs. 1-3) is 
summarized briefly in the report. Basically, what is required in the application is (1)  specify the 
state variables, (2) write the state differential equations and measurement equations, (3) linearize 
these equations with respect to a reference orbit, and (4) use the theory to develop the variance 
equations, whose solution gives the estimation performance. 
For the results of the study to  be realistic the process of specifying the state variables must 
involve identifying all those quantities whose uncertainties are expected to contribute significant 
errors. Thus, besides the state of the vehicle itself (i.e., its position and velocity) certain so-called 
subsidiary variables are included in the estimation problem, and the covariance matrix obtained as 
the solution of the variance equation indicates not only how well the vehicle trajectory is 
determined, but also the improvement in estimation accuracy obtained simultaneously for the 
subsidiary variables. The subsidiary variables in the present study include station location errors, 
beacon location errors, measurement errors, and timing errors. 
The reference orbit used in this report is obtained by numerically integrating the orbital 
equations of motion. The numerical integration scheme is described in reference 4. The equations 
of motion include the moon as the central body and the earth and sun as perturbing bodies. The 
lunar potential is expressed as a triaxial ellipsoid. 
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The results obtained apply to only one particular orbit. Obviously, if other orbits were 
selected, results would differ from those in this report. In general, however, the information 
obtained in this report would be true for other orbits. The orbit considered is the September 17, 
1969, reference orbit for the Command Service Module lunar parking orbit of the Apollo mission. 
This particular orbit was chosen because it was associated with an actual project. Also, the orbit’s 
geometry .with respect to the earth is such as to introduce the problems of observability when only 
earth-based measurements are available. 
THE PROBLEM FORMULATION 
To use the Kalman filter theory as a basis of evaluating the estimation performance, the 
following parts are required: 
1. The filter equations. 
2. The reference trajectory. 
3. The observation equations. 
4. The partial derivatives which relate the observations to the state. 
5. In this problem where an attempt is made to locate the beacons to provide maximum 
information about the elements that are poorly defined from earth-based trackers, the location of 
these beacons must be determined. 
Each of these items will be considered in the following sections. 
The Filter Equations 
As mentioned in the Introduction, it is desired to  consider both observations of a lunar 
orbiting vehicle from earth-based stations and observations of lunar beacons from on-board the 
vehicle. Evaluation of the information content of these observations will indicate how well the state 
of the vehicle, plus certain other uncertain parameters in the problem, can be estimated. 
The data-processing scheme assumed in this report is of the recursive, minimum-variance type 
(Le., a Kalman filter). Since the theory applies strictly to linear systems only and since the problem 
is nonlinear, it is assumed that the equations governing the vehicle motion and the observations can 
be successfully linearized. That is, the filter processes deviation data to  estimate deviations from a 
reference trajectory, and it is assumed that the reference plus estimated deviation is a true 
representation of the “best” (minimum variance) estimate of the trajectory. 
Since this report is concerned only with an error analysis, no actual trajectory is considered, 
and only the variance equations of the filter need be implemented. These variance equations 
(derived in refs. 1-3) are as follows, assuming discrete time observations. Between two observations 
the covariance matrix of estimation errors in x(t), the deviation state vector, is updated by the 
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equation 
where +(ti,to) is the transition matrix which relates conditions at ti to  conditions at to. That is, 
the system equations are of the form x(ti) = +(ti,to)x(to). (Note that no random forcing function 
is assumed; that is, the vehicle is on an unperturbed “free-fall” trajectory.) When an observation or 
set of observations at time t are processed to improve the state vector estimate, the equation 
employed is 
where 
Pa(t) is covariance of state errors after the observation has been processed 
Pb(t) 
H 
is covariance of state errors before the observation has been processed 
is the matrix of partial derivatives of the observed quantities with respect to the state 
variables 
Q is the covariance matrix of observation errors 
I is the identity matrix 
Generation of Reference Trajectory 
The generation of a reference trajectory is the process of computing the vehicle’s postion and 
velocity at any later time, given its position and velocity at some initial time. This may be 
accomplished by numerically integrating a set of differential equations expressed in an inertial 
coordinate system. How well the reference trajectory is determined depends on how accurately the 
equations of motion are described. 
In this report, these equations are expressed in a three-dimensional rectangular selenocentric 
inertial coordinate system. The positive x axis of this system points in the direction of the mean 
vernal equinox of 1950.0. The z axis is normal to  the mean equatorial plane of 1950.0, positive in 
the northern hemisphere, and the y axis forms a right-handed system with x and z. These orbital 
equations include the gravitational effects of the earth, sun, and moon. The earth and sun are 
treated as point masses and the lunar potential function is expressed as a triaxial ellipsoid. The 
ephemerides of the sun and moon with respect to the earth in a 1950.0 frame are available on 
magnetic tape obtained from the Jet Propulsion Laboratory. These equations are integrated 
numerically with a subroutine described in reference 4. This subroutine is used intact and will not 
be described in this report. 
The orbit considered in this report is the September 17,1969, reference orbit for the 
Command Service Module lunar parking orbit of the Apollo mission. The orbit is essentially circular 
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with a period of approximately 2 hours. The 
longitude of the node is 95" with respect to a 
selenocentric frame. The inclination of the orbit 
plane is 177" with respect to the selenocentric 
frame or approximately 4.5" with respect to  the 
earth-moon plane (see sketch (a)). The orbital 
elements with respect to a selenocentric frame are: 
a 1894.552km 
e 0.0004648 
i 177.67" 
w 279.12" 
S?, 95.12" 
Observations Types 
Observations from three earth-based stations (Goldstone, Woomera, and Johannesburg) and 
from on-board the satellite are considered. For this analysis it is assumed that range-rate 
observations are taken every 5 minutes from the earth-based stations when the vehicle is in view. 
The vehicle is considered to be in view when it is 5" above the station horizon and is not occulted 
by the moon. Two relevant questions should be considered at this point: (1) Why not use both 
range and range-rate observations from earth-based radar? and (2) Why choose a 5-minute 
observation interval? In some preliminary work (ref. 5) both range and range-rate observations were 
considered and an improvement was seen by the addition of the range observations. However, this 
same improvement could be obtained by increasing the accuracy of the range-rate observations. It 
was felt, therefore, that the range observations did not contribute any new information that was 
not already available in the range-rate observations. The use of earth-based observations, either 
range or range-rate or both, in estimating the elements of a lunar satellite orbit is discussed in 
reference 6. 
In practice, observation rates may be as frequent at every tenth of a second from earth-based 
radar. Obviously, the computations involved in such frequent observations would be too 
burdensome for this study; moreover, such frequent observations are unnecessary since an increased 
observation rate can be simulated by appropriately reducing the assumed observation noise. Three 
different sets of noise figures used in the report are given in the following table. The first noise 
figure, ab = 0.04 m/s, was taken from a GSFC-MSC Apollo report. It is a fairly conservative figure, 
presumed to  represent the noise level in range-rate measurements made once per second. When a 
5-minute observation interval is used to simulate once per second observations the equivalent noise 
level is approximately 0.00012 m/s, which is the third entry in the table. The second numerical 
entry, 0.002 m/s, is chosen, more or less arbitrarily, between the other two to represent the 
degradation from ideal system performance which is likely to occur because of unmodeled 
observation error sequential correlation or other unmodeled system errors. The on-board noise 
figures were obtained in the same manner. 
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The earth-based range-rate observations are computed in the following manner. 
where 
- 
P range vector from station to  satellite 
- 
P velocity vector of satellite with respect to station 
Range and range-rate observations are assumed to be taken from the lunar satellite to  a beacon 
whenever the satellite is above the horizon of the beacon. Again, a 5-minute observation interval is 
employed in the simulation. These observations are computed as follows: 
where 
Fob 
i o b  
range vector from satellite to  beacon 
velocity vector of beacon with respect to  satellite 
Partial Derivatives of Observations With Respect to State 
As mentioned previously in the development, partial derivatives that relate the observations to 
the state vector are required. This is the H matrix shown in equation (2). The H matrix has as 
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many columns as variables in the state vector and has one row for each observation processed 
simultaneously. Since only one observation is processed at a time in the present program, 
the H matrix can be considered a row vector and be partitioned as follows: 
where 
H, is a 1 X 6  matrix relating the observation to vehicle position and velocity 
H, is a 1 X 3 matrix relating the observation to errors in station location 
HB is a 1 X 1 matrix relating the observation to  bias in the observation 
HT is a 1 X 1 matrix relating the observation to observation timing error 
Hb is a 1 X 3 matrix relating the observation to  beacon location errors 
The mathematical expressions for the partial derivatives taken from an unpublished Philco 
report that was written under Contract NAS 5-9700 are given below: 
For on-board range observations 
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For on-board range-rate observations 
Hs = 0 
Location of Beacons 
From preliminary work (ref. 5 )  it was found that two beacons would be a sufficient number 
for on-board observations if both range and range-rate observations were available. The first 
consideration in the choice of sites for these two beacons is that one should be on the far side of 
the moon since no earth-based tracking of the orbiting vehicle is available during this part of the 
orbit. The other beacon would be located on the front side. However, this is somewhat intuitive, 
and another factor which may influence the choice of sites is that a front-side beacon site can be 
expected to be known more accurately than one on the far side because of the possibility of direct 
earth-based tracking of the front-side beacon. This matter is considered in some detail later in the 
report. 
It was shown in reference 6 that the orientation angles (i and a)  are difficult to estimate for 
lunar orbits whose orbit plane is close to the earth-moon plane, assuming the use of earth-based 
observations only. Therefore, the second consideration in the choice of beacon sites is that the 
beacons should be located to provide information about these elements. The third consideration is 
that the beacons should be located close enough to  the orbit plane to  provide adequate tracking 
periods. 
For evaluation of the second consideration, the partial derivatives of the observations with 
respect to  the elements of concern (i.e., ap/ai, ap/aS2, ab/%, a b / a a )  can be examined to get some 
idea of the information content of the observations as a function of the location of the beacons. In 
general, the larger the partials the greater the quantity of information contained in the 
corresponding observations. These partial derivatives, developed in appendix A, may be 
approximated for the orbit considered by the following expressions: 
- N  - - rR s i n  0 s i n  + a i  D 
[ s in(X '  + e)] a p  - r R  cos + - N  asi - P 
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where 
$ latitude 
x longitude 
8 true anomaly 
c2 longitude of the ascending node 
From these partial derivatives it can be determined that the maximum information will be 
obtained about the inclination angle when the beacon is located as far out of the orbit plane as 
possible. The node partials will be maximum when the beacon is located in the orbit plane (4 = 0" )  
and 45" from the line of nodes ( A ' =  45"). The beacon is in view of the satellite when A ' =  8. 
Because no information is obtained about the inclination angle when the beacon is located in the 
plane and very little information about the node angle is lost for small-out-of-plane angles, the 
beacons should be located out of the orbit plane and at 45" or 90" from the line of nodes. Of 
course, this last criterion conflicts with the requirements of consideration 3, because as the beacon 
is moved out of the orbit plane the tracking period is reduced and, consequently, the total 
information of the observations is reduced since fewer observations can be made. A compromise is 
necessary and will now be considered. 
The time that the beacon is in view is a function of the out-of-plane angle. An expression for 
the in-view time is derived in appendix B and is given below: 
t = - P TI cos 
(1. c:: a) 
where 
t time beacon is in view of satellite 
P period of satellite 
RB distance from the center of moon to  the beacon 
r distance from the center of moon to the satellite 
CY out-of-plane angle of the beacon with respect to the orbit plane (a is assumed to be 
equal to the latitude.) 
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The maximum out-of-plane angle for the beacon to be seen from the orbit considered in this study 
is approximately 23". In order to assure three observations per pass (5-min observation intervals), 
the maximum out-of-plane angle to be considered is 10". 
ANALYSIS AND RESULTS 
This study consists of five parts. Part one considers estimating beacon location using 
earth-based tracking only. In part two the object is to determine what accuracy is required of 
on-board observations relative to  some given earth-based accuracy for such observations to  prove 
beneficial in estimating the state. Part three evaluates the contributions of certain subsidiary 
parameters. Part four is an evaluation of estimation performance using those beacon locations 
which had been determined to be best for the particular orbit considered. Part five is concerned 
with the use of on-board observations as the only source of tracking information. 
The results of this study are presented as a series of time histories of the rms errors in the 
quantities being estimated. The rms error, the ordinate of the figure, is defined as the square root of 
the appropriate diagonal terms of the covariance matrix; for example, the rms error in position is 
rmsp = ( ox2 + uy2 + u,~)~' 
The improvement obtained by the addition of on-board measurements will be given in the text as 
the percentage improvement over considering earth-based range-rate measurements only; that is, 
rmsp ( ea r th -based  ea r th -based  range r a t e  
Pe rcen t  - r a n g e - r a t e  on ly  ) - rmsp (plus  on-board o b s e r v a t i o n s  - 
improvement rmsp(ear th-based r a n g e - r a t e  only)  
The times when the stations and beacons are in view of the vehicle are indicated by horizontal 
blocks at the top of figures for all plots given in the report. 
Some of the figures in the report have a sufficient number of curves to  make their labeling 
difficult. In order to  simplify this as much as possible, the information pertinent to the curves is 
given in two tables. An example of these tables and an explanation of the symbols are given below. 
TABLE 1 . -  MEASUREMENT ACCURACIES AND I N I T I A L  BEACON ERRORS 
Measurement accuracy 
Earth-based (E)  
. 
E '  u .  m / s  
0.04 
P '  __ ~- 
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Symbol 
0 
tl 
0 
A 
The following mnemonics are used in table 2. 
Condi t ions  f o r  t h e  run  
E 
E + O B ( 1 )  + A ( l )  + B ( l )  
E + O B ( 2 )  + A ( l )  + B ( l )  
E + O B ( 1 )  + O B ( 2 )  + A ( l )  + B ( l )  
E + O B ( 1 )  + O B ( 2 )  + A ( l )  + B ( 2 )  
E earth-based observations 
OB(1) on-board observations with noise code I 
XU) beacon x with location error code I 
Thus, for example, 0--E + OB(1) + OB(2) + A(l)  + B(l)  in table 2 means that the curve 
designated by the symbol 0 represents a run that includes earth-based observations, on-board 
range-rate observations, and on-board range observations of two lunar beacons, A and B, both with 
location errors of 1000 m in each coordinate. 
Beacon Estimation From Earth-Based Measurements 
This section considers how accurately the location of the beacon can be estimated using only 
earth-based range and range-rate observations. 
Figures 1 (a) and 1 (b) show the rms values of beacon location errors (total north, east, and 
down errors) for beacons located on the front side of the moon and being tracked by three 
earth-based radars. Figure 1 (a) shows results for beacon 1 (4 = 0", X = 91.8") and l(b) shows results 
for beacon 2 ( 4  = lo", h = 45"). The beacons are tracked for 9 days with both range and range-rate 
observations taken every 2 hours. The measurement accuracies assumed are up = 7.52 m; 
u; = 0.0001 2 m/s, and the initial beacon errors are 1 km in each coordinate. 
Figure 1 (a) shows that a significant improvement (from 1 km to 0.18 km) is obtained in the 
east component of beacon location with the first observation. This improvement occurs because the 
beacon is located on the limb of the moon as seen from the earth, and therefore, the east 
component of its position is very nearly colinear with the range observation from the tracking 
station. Thus, it should be expected that range data would give the most immediate information in 
this component. As more observations come with time, gradual improvements will be seen in all 
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components. This is due to the parallax effects (i.e., the beacon will be viewed at  slightly different 
angles from the various stations at the various times). 
The total rms error in the knowledge of beacon location (UN~ + qZ + U D ~ ) ' ' ~  is also plotted 
in figures 1 (a) and 1 (b), and is seen to  be the same for both beacons. This is as expected because the 
same initial errors and measurement accuracies are assumed. The improvement seen in each 
coordinate is a function of the beacon location but the total beacon error should be independent of 
the location. 
State Estimation Using On-board Beacon Track and Earth-Based Track 
This section considers the question of how accurate the on-board data must be, relative to 
earth-based data, in order for the use of lunar beacons to be beneficial in the estimation of the 
position and velocity of a lunar orbiting vehicle. Figure 2 shows a comparison between using 
earth-based range-rate observations only and using these earth-based observations combined with 
on-board observations. On-board range and range-rate observations of two beacons are assumed. 
These beacons are located such that one is on the back of the moon and one on the front and they 
are approximately 90" apart in longitude. No attempt was made to  locate the beacons in the most 
favorable position for the orbit being considered. The beacon coordinates are given below. In all 
runs considered, the initial beacon error is assumed to be 1 km in each coordinate unless otherwise 
stated. 
Beacon L a t i t u d e ,  deg Longitude, deg 
~- 
1 0 91.8 
2 - 10 176 
/ 
Sketch (b) 
The top curve in figure 2 shows the use of 
earth-based track only (uj = 0.04 m/s). After 
only a short period of tracking, a steady-state 
situation develops; that is, the position error 
varies periodically between a maximum which is 
36 percent below the initial error to a minimum 
which is almost an order of magnitude lower than 
t h e  in i t i a l  e r r o r .  Apparently, very little 
i n f o r m a t i o n  is  obtained from subsequent 
observations after the initial improvement, which 
suggests that some portion of the state of the 
vehicle is poorly observable. The periodicity of 
the curves in figure 2 is equal to the periodicity 
of the lunar orbit, a fact which can be explained 
with the aid of sketch (b). Illustrated in the 
sketch is a family of orbits, all of whose lines of 
nodes lie on the earth-moon line. These orbits are 
virtually indistinguishable when only range-rate 
data from earth-based stations are used, that is, 
each produces the same or very similar range-rate 
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data in spite of a wide variation in the orbit inclination. All the orbits have a pair of common points 
on the line of nodes. Thus, the position of the vehicle must be best known at these points. On the 
other hand, the largest variation between orbits occurs 90" from the line of nodes, and at these 
points the position of the vehicle will be least certain of all points on the orbit. 
When the actual orbit being observed does in fact belong to the family illustrated in 
sketch (b), or is very close to  some member of the family, the strong periodic behavior of position 
estimation error shown in figure 2 will always be observed. For other orbits similar periodicity will 
often be observed, but with less pronounced differences between the maxima and minima, 
depending upon how closely the orbit resembles a member of the indistinguishable family. 
The second curve from the top  in figure 2 shows the case where on-board range and range-rate 
( u p = 3 0 m ;  ab =0.3 m/s) observations of two lunar beacons are added to  the earth-based 
observations. This addition shows, after three orbits of track, some 45 percent improvement over 
earth-based observations only. The third curve from the top shows improvement obtained from the 
addition of on-board track when it is assumed that the location of the front side beacon is known 
more accurately (to 100 m in each coordinate). This shows, at the maximum uncertainty points, 
about a 50 percent improvement over earth-based track alone, which is not a really significant 
improvement over the case with the less accurately located beacon. The reason for this is that, since 
beacon location is being estimated simultaneously with the vehicle state, the beacon location 
becomes known nearly as well in the latter case as in the former after a short period of tracking. 
The advantage of using the more precisely located beacon thus shows up principally in the early 
part of the tracking. After only about 1 hour of track, there is approximately 19 percent 
improvement over both the other cases. 
The middle group of curves in figure 2 show the results obtained with a more accurate 
earth-based tracker (up = 0.002 m/s). This group of curves again afford a comparison between 
earth-based only and earth based plus on-board observations. The top curve in this group is for 
earth-based observations only and this shows a reduction of about 89 percent in the rms error after 
three orbits of track compared to  the 36 percent reduction obtained for the less accurate 
earth-based measurements. The second curve from the top shows results for the addition of 
on-board range and range-rate observations with the same accuracies as used in the previous case 
(i.e., up = 30.5 m; up' = 0.3 m/s). The addition of on-board observations with these accuracies 
provides very little improvement (2 percent). The third curve from the top of this group shows 
results obtained when the on-board observations are assumed to  be more accurate than in the 
previous case (up = 4.8 m; u = 0.048 m/s). Here an improvement of approximately 46 percent is 
of the front side beacon is known to 100 m in each coordinate. There is a 48 percent improvement 
over earth-based observations only after three orbits of track. Note that the beacon location 
accuracy does not make as much difference here as it did for less accurate observations. 
obtained after three orbits o P track. The next curve down is the same case except that the location 
The bottom group of curves in figure 2 are for runs with extremely accurate earth-based 
range-rate observations (up = 0.0001 2 m/s). The top curve of the group is for two conditions, (1) 
earth-based observations only and (2) earth-based observations plus on-board range and range-rate 
observations with the final accuracies from the cases above (up = 4.8 m; ug = 0.048 m/s). This 
shows a couple of orders of magnitude reduction from the initial rms errors in position. The 
addition of the on-board measurements of this accuracy does not improve the estimation. The next 
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curve down is for the addition of more accurate on-board measurements (up = 1 m; u,j = 0.01 m/s) 
and this shows a 30 percent improvement for the use of beacons. 
The following conclusions can be reached from the results shown in figure 2. 
1. As mentioned previously, some elements of the state of a lunar orbiting vehicle can be only 
poorly determined when earth-based observations are the only tracking information. However, this 
condition improves as the accuracy of the tracker increases or on-board measurements are added. 
2. Only a modest improvement is achieved by the addition of on-board measurements using 
beacons at the specified locations. The effect appears to  be that such beacon measurements contain 
roughly the same kind of information as does earth-based tracking, and the result is an effective 
increase in overall measurement accuracy. 
3. The effect of using more accurately located beacons is insignificant. This is probably due 
to the fact that the system is estimating beacon locations simultaneously and after a short time the 
location errors are down to about the same level. 
4. Although the amount of good done by beacon observations obviously depends upon the 
relative accuracy of the earth-based and on-board measurements, the on-board measurements need 
not be nearly as accurate as the earth-based to produce a significant improvement in estimation 
performance. 
The Estimation of Subsidiary Parameters 
The subsidiary uncertainties considered in this study are all the unknown parameters, other 
than vehicle position and velocity, which may significantly influence the observations. These 
include location uncertainties for both the earth-based stations and the lunar beacons, local clock 
errors for the earth-based stations and bias errors in the earth-based range-rate data and in the 
on-board range and range-rate data. In this section the performance of the system in estimating 
these parameters is shown. 
Figures 3(a), (b), and (c) show how the rms uncertainty in the knowledge of earth-based 
station location is reduced by the use of the observations from earth-based stations. These figures 
show only the errors for the Woomera station. Range-rate observations were assumed to be taken 
every 5 minutes when the vehicle was in view of the station. There were 67 observations during a 
7-hour interval (7 from Goldstone, 53 from Woomera, and 7 from Johannesburg). The figures show 
that there is essentially no improvement in the knowledge of station coordinates for the case where 
the earth-based measurement is least accurate (up = 0.04 m/s). They also show very little reduction 
in latitude errors ( 5  and 18 percent) but relatively large reduction in height and longitude errors (50 
and 94 percent) for the more accurate earth-based observations (up = 0.002 m/s and u j  = 0.0001 2 m/s, 
respectively). 
Figure 4 shows the estimation performance for station clock errors for the three earth-based 
accuracies. It can be seen that station clock errors do  not contribute much to system inaccuracy. 
Only for extremely accurate earth-based observations (0; = 0.0001 2 m/s) is any change ( 5  percent) 
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at all noticed. Thus, it can be concluded that time errors of this magnitude (OT = 0.0066 s) are not 
significant and could have been omitted from the analysis. 
Figure 5 shows a reduction in range-rate bias error of 22, 79, and 98 percent for the three 
different earth-based accuracies. The reducing of the errors in the station locations and the 
range-rate bias amounts t o  a partial calibration of the tracking system. 
Figures 6 to 8 will show errors associated with beacon measurements. Figure 6 shows results 
for on-board range and range-rate bias errors, while figures 7 and 8 show results for beacon location 
errors. In each of these figures, three cases are considered, which differ only in the accuracies 
assumed for the measurements. These cases and their accuracies are as follows: 
Earth-based I On-board 
6' 
m/ s 
U 
0.04 0 . 3  
.002 4 .8  .04 
-00012 1 1 .0  I .01 I 
Figure 6(a) shows a reduction in the on-board range bias error of 50 percent for case I, 
95 percent for case 11, and two orders of magnitude for case 111. Figure 6(b) shows no improvement 
in the on-board range-rate bias error for case I, 55 percent improvement for case 11, and 90 percent 
improvement for case 111. The quantized appearance of the plots in figure 6(b) is due to the fact 
that the data were available from the output only in increments of 1 m/s. 
Figures 7(a), (b), and (c) are time histories of the rms errors in latitude, longitude, and height, 
respectively, for beacon 1 ($I =O",-h = 91.8"). The initial location error is assumed to  be 1 km in 
each coordinate. Figure 7(a) shows that only a 10 percent reduction in the latitude error is obtained 
for case I. Case I1 gives a reduction of 64 percent and case 111 has an order-of-magnitude reduction. 
Figure 7(b) shows significant improvement in knowledge of the longitude of the beacon for all 
three cases. This improvement ranges from an order of magnitude for case I to two orders of 
magnitude for case 111. Figure 7(c) also shows significant improvement in the knowledge of the 
height of the beacon for all three cases, ranging from one-and-one-half to  approximately three 
orders of magnitude. The satellite is being tracked from three earth-based stations and the beacon is 
being observed from on-board the satellite. Since the beacon is directly under the orbit track and 
the orbit is at a low inclination, the on-board track should provide more information in longitude 
and height than in latitude. The sharp drops in the estimation error variances occur when the 
beacon is actually being observed by the satellite. It is also seen that an improvement in estimation 
of beacon 1 error occurs when beacon 2 is being observed because of the correlation which develops 
between these errors in the course of processing the data. The track time is noted at the top of the 
figure. 
Figures 8(a), (b), and (c) are the same as 7(a), (b), and (c) but for beacon 2 ($I =-lo",  
A =  176'). Since beacon 2 does not lie directly under the orbit track, more improvement is 
expected in the latitude error and the height improvement will not be as much as before. Good 
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improvement is still expected in the longitude error. Figure 8(a) shows an 85 percent improvement 
for case I, 98 percent for case 11, and one order of magnitude for case I11 in latitude estimation. 
Figure 8(b) shows improvement from one order of magnitude for case I to three orders of 
magnitude for case 111 in longitude estimation. Figure 8(c) shows improvement from 85 percent for 
case I to two-and-a-half orders of magnitude for case 111 in height estimation. The total rms error in 
beacon location, that is,  ON^ + O E ~  + O D * ) " ~ ,  is the same for both beacons. This might be 
expected since the same initial errors and the same measurement accuracy are assumed. However, 
the result is significant in that it indicates that a beacon need not be in view of the earth in order 
that its location be determined reliably. In effect, it  appears that earth-tcwehicle measurements 
determine the vehicle trajectory, and then vehicle-to-beacon measurements determine the beacon 
location. 
Estimation Performance Using Optimally Situated Beacons 
This section evaluates the contribution of on-board observations of lunar beacons. 
Figures 9(a) and 9(b) give the time histories of the rms errors in the position of the vehicle for 
simultaneous earth-based and on-board observations. The measurement accuracies used for these 
runs are ob = 0.04 m/s for the earth-based range-rate and up = 30 m and op = 0.3 m/s for on-board 
range and range-rate, respectively. The beacon locations considered for these runs are those 
determined to be best for the orbit considered. The beacons and their locations are as follows: 
Beacon L a t i t u d e ,  Longi tude,  
den den 
C '  - 10 135 
A 10 45 
B 10 5 
B '  - 10 185 
C 10 315 
Sketch (c) shows the location of the beacons 
relative to each other, to  the line of nodes, and to 
the earth-moon line. This is looking down on the 
orbit plane along the North polar axis. 
Line of nodes 
The process of determining these beacon 
locations was discussed previously in the report. 
Since the longitude of the node, a, is about 95" 
for the orbit under consideration and the orbit is 
nearly equatorial, beacon locations A, C, and C' 
are good for obtaining information about the 
node angle while beacons B and B' should give 
good information about the inclination angle. 
E' - 
T h e  curves in  figure 9(a) show the 
performance for combined earth-based on-board Sketch (c) 
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tracking for various combinations of beacon locations. The top curve, repeated from figure 2, shows 
the earth-based only track and is used as the basis of comparison. The second curve from the top 
shows the addition of on-board tracking of beacons C' and B to  the earth-based track. Beacon C' is 
in a favorable location for giving information on the node angle, and beacon B is favorable for 
giving inclination angle information. This shows an improvement of 47 percent over earth-based 
only, after three orbits of track. 
The nature of this curve indicates that data from such a beacon configuration contains the 
same type of information as earth-track only data. The next configuration uses beacons A and C', 
both of which give maximum information on the node angle; the results are plotted as the third 
curve from the top and indicate no significant improvement over the previous case. The first 
configuration (beacons C' and B) is considered again, but with the B site known more accurately 
(100 m initial error); the results (fourth curve from the top) show only a slight further 
improvement (52 percent better than earth-tracking-only data instead of 47 percent). Clearly, 
better information on the inclination angle is not particularly helpful. 
Therefore, two more arrangements were tried which concentrate on gaining the maximum 
node angle information. The first of these used beacons A and C' again, but this time with the A 
site known more accurately (100 m). In this case, a substantial improvement is obtained 
(77 percent better than earth-tracking only) as shown in the fifth curve from the top. A significant 
feature of this curve is that the minimum points are shifted markedly from their positions in the 
earlier runs, in a direction toward the tracking period for beacon A. This suggests the final 
configuration employed, which uses beacons A and C, both sites being known to  100 m. (Observe 
that C should give the same amount of node angle information as C' but since it is on the front 
rather than the back of the moon, its location can be assumed to  be known more accurately.) Both 
beacons in this configuration are optimally located for node angle information, and both are on the 
front side where their positions can be estimated more readily from direct earth-based tracking. The 
results are shown in the lowest curve in figure 9(a), and represents nearly one-order-of-magnitude 
improvement over earth-tracking only. In addition to  this improvement, the periodicity of the error 
curve has largely disappeared. This disappearance of the error curve periodicity indicates that the 
information throughout the orbit is approximately the same, or the orbit is more uniformly 
observable than with any of the earlier configurations. If more accurate observations and better 
knowledge of the beacon locations are assumed, it is possible that some periodicity might return. In 
other words, the specific configuration and set of accuracies assumed here appears t o  be optimal for 
obtaining uniform observability of the orbit in the tracking period assumed. 
In the preceding runs, combined range and range-rate measurements have been assumed for 
the on-board system. Considerations as to  the practicality or economics of implementing both types 
of measurements in a real system are beyond the scope of this report. However, it is possible to 
answer some questions as to  the relative usefulness of the two types in orbit estimation. The use of 
on-board range or on-board range-rate measurements with earth-based range-rate measurements is 
evaluated in the last beacon configuration given (i.e., beacons A and C, both known to 100 m). 
Figure 9(b) gives the rms error time histories for these cases. The top curve in figure 9(b), which 
corresponds to  the range-rate case, shows an 83 percent improvement over the earth-based-only 
measurements. The bottom curve is for two cases, range only and the range plus range-rate cases. 
This curve, identical t o  the bottom curve in figure 9(a), shows an order of magnitude reduction 
from the earth-based-only case. It can be concluded from this figure that the on-board range and 
range-rate measurements give the same kind of information. Thus, in designing a real system both 
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types of measurements need not be used. For the measurement errors assumed, more information is 
obtained from the range measurements. In fact, as indicated by the lower curve, if on-board range 
observations are available, no information is obtained by the addition of the on-board range-rate 
observations . 
State Estimation Using On-Board Measurements Only 
This section evaluates the use of on-board only measurements of a lunar beacon for state 
estimation. 
Figure 10(a) shows the rms error in position for on-board-only observations of two lunar 
beacons. The results of these runs will be compared with runs using earth-based-only track 
= 0.04 m/s). These earth-based only track results, shown as the top curve in figure 9(a), assume 
accuracies of up = 30 m; ui, = 0.3 m/s. The t o p  two curves in the figure are for cases where 
beacons A and C' and beacons C' and B' are observed. In both cases there is a l-km initial error 
assumed in each beacon component. The results are almost identical, each showing a reduction of 
approximately 50 percent in the initial error after 7 hours of track. The maximum errors in these 
curves are slightly less than the maximum error for the cases using earth-based-only track. However, 
the error in these cases is fairly constant for the whole orbit whereas with the earth-based data, the 
error in the state is much smaller in some parts of the orbit. 
The two middle curves are for the same two cases as the two top curves except that beacon C' 
is assumed known to  100 m in each coordinate. These cases give slightly better results than 
earth-based-only data. The bottom curve considers beacons A and C, both known to 100 m in each 
coordinate. This case shows approximately 75 percent improvement over the earth-based-only case. 
Since no measurements are available when the satellite is behind the moon, the rms errors increases 
slightly in this part of the orbit. This figure shows that as is t o  be expected on-board-only 
observations of lunar beacons would prove adequate in state estimation, provided that the beacon 
locations are known accurately enough. 
Figure 10(b) gives the rms time histories for cases considering either on-board range or 
on-board range-rate measurements only. These results are similar to results shown in figure 9(b). 
Again, for the measurement noises assumed, range observations give more information, but in this 
case the addition of the range-rate measurements does provide some improvement (7 percent). As 
noted before, the observations give the same type of information and the availability of both ranges 
and range-rate observations offer no real advantage. 
CONCLUSIONS 
The rms error in beacon location can-be reduced significantly (from 1.73 km initial error to 
0.16 km after 9 hours of track) using earth-based-only measurements (with a 2-hour observation 
interval) from three earth-based stations (Goldstone, Woomera, and Johannesburg). Both range 
(up = 7.52 m) and range-rate (up = 0.0001 2 m/s) observations were considered. 
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The value of lunar beacon observations is a function of the relative accuracy of the on-board 
and earth-based measurements. Significant improvement is obtained with on-board measurements 
(up = 30 m; ap = 0.3 m/s) much less accurate than the earth-based measurements (a; = 0.04 m/s). 
The improvement is also dependent on the knowledge of the beacon location and the location of 
the beacon along the orbit track. This study has shown that when the beacons are located to  
provide information about elements difficult to  estimate from earth-based observations, 
improvements as high as 90 percent are obtained over estimates obtained from earth-based track 
only. When no attempt is made t o  locate the beacons in this manner, improvements as high as 
50 percent are obtained. These maximum improvements noted above were for cases where the 
beacons were assumed to  be known to 100 m in each coordinate. 
The knowledge of subsidiary errors in general do not have much effect when the least accurate 
earth-based measurements (ub = 0.04 m/s) are used. The earth-based station location errors are 
reduced very little by the use of these measurements. However, considerable improvement is 
obtained in these estimates as the earth-based measurements become more accurate. Radar timing 
errors are not significant for any of the accuracies assumed. Significant improvements in the 
knowledge of range-rate measurement biases is obtained with the more accurate earth-based 
measurements. Likewise, both on-board range and range-rate bias errors are improved significantly 
when the more accurate measurements are considered. 
The use of on-board track as the only source of data proved adequate. For the cases where 
beacon errors were 1 km in each coordinate, the maximum rms errors were about the same as for 
earth-based-only track. When the front side beacon was assumed to be known more accurately 
(1 00 m in each coordinate), slightly better results were obtained from the on-board track only than 
for earth-based-only track. These cases considered the least accurate measurements for both 
on-board (up = 30 m; 016 = 0.3 m/s) and earth-based measurements (ad = 0.04 m/s). 
On-board range and range-rate observations give the same kind of information. For the 
accuracies assumed for the on-board measurements, range measurements provide more information 
than range-rate measurements. If the range measurements are available, there is no advantage to 
including the range-rate measurements. 
Ames Research Center 
National Aeronautics and Space Administration 
Moffett Field, Calif., 94035, May 5, 1970 
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APPENDIX A 
THE PARTIAL DERIVATIVES OF RANGE AND RANGE-RATE OBSERVATIONS 
WITH RESPECT TO THE INCLINATION ANGLE AND THE 
LONGITUDE OF THE NODE ANGLE 
The inclination angle and the longitude of the node angle are two quantities that are difficult 
to estimate for the orbit considered in this report if earth-based-only measurements are available. 
On-board observations of lunar beacons provide more information about these elements. Since, in 
general, the larger the partial derivative (ap/ai, ap/aCZ, ab/&, a p / a a )  the more information 
contained in the observation, it is advantageous to  use beacon locations that maximize these partial 
derivative expressions. These expressions are derived in this appendix. 
From sketch (d) the following relationships can be seen in the x1 , y, , z1 frame. 
L J ,  
Sketch (d) 
where 
x1 J1’) a moon-fixed reference frame 
Z1  
X 1  lies in the lunar equator through the beacon’s meridian 
Z 1  is normal to  the lunar equator and is positive in the northern hemisphere 
Y1 forms a right-handed system with x1 and z1 
x,y,z an inertial, selenocentric, rectangular coordinate system 
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X is positive in the direction of the mean vernal equinox of 1950.0 
Z is normal to the mean equator of 1950.0 and is positive in the northern hemisphere 
Y forms a right-handed system with x and z 
z1 = cos 8 cos A '  + s i n  8 cos i s i n  X' 
Z2 = - s i n  8 cos X' + cos 8 cos i s i n  A '  
m l  = -cos 8 s i n  X' + s i n  8 cos i cos A '  
m2 = s i n  8 s i n  A '  + cos 8 cos i cos A '  
n1 = s i n  8 s i n  i 
n 2  = cos 0 s i n  i 
Hence, 
RB cos 9 - rZ1 
6 = RB - r =  
RB s i n  $I - r n l  
and 
1 / 2  
P = (D * D) = [RB cos 9 - r Z 1 ) 2  + ( r m 1 > 2  + (RB s i n  9 - rn1>21  
To obtain 6 ,  note that lo, a m ,  @, S2, and i are constants. 
A ' = X - Q  
X = X O + W  At m 
but 
Z, = Z26 + m l w  
fi1 = n20 
m 
21 
Therefore, 
1 
P m b = - [ri- - RB cos +(i-zl  + r612 + r w  m l )  - RB s i n  +(?nl  + rin2>1 
Thus, the partial derivatives of interest (aplai, aplaS2, a$/& a,b/as2) are as follows: 
rRB sin e ( s i n  i s i n  A '  cos 4 - s i n  4 cos i )  - a P  = a i  P 
'" ' O s  4 (cos e s i n  A '  - sin e cos i cos A ' )  a P  - - -  - aa D 
1 1 ap RB &. = - - ( p  ai - a i  P f i  [(E - M)sin 8 + ,/- cos 8 (cos  4 s i n  i s i n  A '  
- s i n  4 cos i )  - R B r w m  cos 4 cos A '  n l )  
where 
If these partials are evaluated for the case of interest, that is, a x r, e x 0, i x 1 80°, they can 
be approximated by 
3, r R B  s i n  8 s i n  Q, 
a i  P 
8p - r R G  cos 4 sin(X'  + 0 )  
-EM- P 
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APPENDIX B 
TIME THAT THE BEACON IS IN VIEW AS A FUNCTION OF 
THE OUT-OF-ORBIT PLANE ANGLE 
i u: 
!! 
The time that a beacon is in view of a space vehicle is a function of the altitude of the vehicle 
and the angular displacement of the orbit plane from the beacon. In this study the altitude of the 
vehicle is fixed and i t  has been shown in the report that it is advantageous to locate the beacon out 
of the orbit plane. Therefore, in this appendix an expression is developed to determine the time 
that the beacon is in view as a function of the out-of-orbit plane angle. 
:t 
Satel l i te  orbit First consider the case where the beacon lies 
within the orbit plane. From sketch (e) it can be 
seen that $, the angle between RB and pi, will be 
equal to 90" when the beacon comes into view 
( p l  ) or goes out of view ( p 2 )  of the satellite. This 
angle varies from +90" to  -90" as the satellite 
passes over the beacon. The angle p, which is a 
measure of how long the beacon is observed, can 
be computed as follows: 
cos 8 / 2  = RB/rl = RB/(RB + h) 
Sketch (e) f3 = 2 COS-~[RB/(RB + h ) ]  
Since the orbit being considered is essentially circular, then 
where 
t time the beacon is in view of the satellite * 
P period of satellite orbit 
P 
t 
angle measured in the orbit plane between r l  and r2 
r 1 distance from the center of moon to satellite a t  time that beacon comes in view of satellite 
r2 distance from the center of moon to  satellite at time that beacon goes out of view of 
satellite 
RB distance from the center of moon to  beacon 
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I I 1  111 
h altitude of satellite 
$ angle between RB and pi 
pi range from satellite to beacon; i = 1 when beacon comes into view; i = 2 when beacon goes 
out of view 
Now consider the case where the beacon is located out of the orbit plane. From sketch (f) i t  
can be seen again that $, the angle between RB and pi, will be equal to  90" when the beacon 
comes into view ( p l  ) or  goes out of view ( p 2 )  of the satellite. These two ranges, p,  and p2 , define a 
plane that is perpendicular to  RB. As the beacon is moved farther from the orbit plane (a is 
increased), the plane formed by p1 and p2 is rotated such that it intersects a smaller arc of the 
orbit plane until eventually i t  does not intersect the orbit plane. This arc of the orbit plane that is 
intersected is the part of the orbit that is in view of the beacon. The equation to  determine time in 
view as a function of the out-of-plane angle is determined as follows: 
RB 
cos ct R, = -
P - 1  RB 
71 r2 cos c1 t = - cos 
where 
a out-of-orbit plane angle of the beacon 
R, projection of RB in the orbit plane 
,Orbit 
/ 
plane 
Sketch (f) 
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Figure 1 .- Improvement in estimate of beacon locations using earth-based range and range-rate measurements. 
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Figure 1 .- Concluded. 
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Figure 3.- Estimation of error in station coordinates from earth-based measurei~~ents. 
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Figure 3.- Continued. 
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Figure 3.- Concluded. 
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Figure 6.- Estimation of on-board bias errors. 
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Figure 6.- Concluded. 
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Figure 7.- Improvement in estimate of beacon locations using earth and on-board measurements. 
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Figure 7.- Concluded. 
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Figure 8.- Improvement in estimate of beacon location using earth and on-board measurements. 
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Figure 8.- Continued. 
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Figure 8.- Concluded. 
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Figure 9.- Position estimation error using both earth-based and on-board measurements. 
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Figure 9.- Concluded. 
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Figure 10.- Position estimation error using on-board observations only. 
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